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In 1926, Max Born postulated the famous rule bearing his name so as to make the quantum
mechanical description formulated in terms of complex amplitude terminate into a real-valued prob-
ability that is directly comparable to experimental incidence counting. As of now, the rule has
no generally accepted fundamental mathematical origin and is taken as a postulate of quantum
mechanics in the textbook formulation. I have created a ”home-brewed” extension of statistical
physics able to tackle, essentially, what John A. Wheeler refers to as the ’click’ in Information,
physics, quantum: The Search For Links[1], in a manner consistent with his stated ideals. I have
found that all ensembles of my extension have a naturally arising, and even extended, Born rule,
and that it further allows me to derive the relativistic wavefunction, geometric observables and the
collapse-causing measurement from said extension.
I. INTRODUCTION
Statistical physics takes as its foundation a se-
quence of measurements, for instance energy or vol-
ume measurements, to be a constraint of the en-
tropy and are defined as E =
∑
q∈Q ρ(q)E(q), V =∑
q∈Q ρ(q)V (q) and S = −kB
∑
q∈Q ρ(q) ln ρ(q), re-
spectively. The probability measure that maximizes
the entropy under said constraints is the Gibbs mea-
sure: ρ(q) = 1Z exp
(−βE(q)− pV (q)) where Z =∑
q∈Q exp
(−βE(q)− pV (q)).
A. John A. Wheeler’s clicks (selected quotes)
”Otherwise put, every it — every particle, ev-
ery field of force, even the spacetime contin-
uum itself — derives its function, its mean-
ing, its very existence entirely — even if in
some contexts indirectly — from the appa-
ratuselicited answers to yes or no questions,
binary choices [52], bits.”
[...]
”With polarizer over the distant source and
analyzer of polarization over the photodetec-
tor under watch, we ask the yes or no ques-
tion, ”Did the counter register a click during
the specified second?” If yes, we often say, ”A
photon did it.” We know perfectly well that
the photon existed neither before the emis-
sion nor after the detection. However, we also
have to recognize that any talk of the photon
”existing” during the intermediate period is
only a blown-up version of the raw fact, a
count”
—John A. Wheeler[1]
∗ Independent scientist
II. STATISTICAL PHYSICS OF CLICKS AND
COUNTS
We note that in ordinary statistical physics, con-
straints such as V and E are scalars. Let me now intro-
duce an extension to ordinary statistical physics that I
call the statistical physics of clicks by defining a new kind
of instrument and of measurement. Specifically, I define
the universal measurement (the ’click’) made by the uni-
versal instrument (the ’detector’), within the framework
of statistical physics, as a system of n macroscopic con-
straints:
λ1 =
∑
q∈Q
ρ(q)λ1(q) (1)
...
λn =
∑
q∈Q
ρ(q)λn(q) (2)
where λ1, . . . , λn are the eigenvalues of a n × n ma-
trix M, extended to functions over the domain of Q. As
the eigenvalues of a matrix are elements of the complex,
I note that ρ(q) is a complex amplitude. These n con-
straints entail n Lagrange equations:
L1 = −kB
∑
q∈Q
ρ1(q) ln ρ1(q) + α1(−1 +
∑
q∈Q
ρ1(q))
+ α2(−λ1 +
∑
q∈Q
ρ1(q)λ1(q)) (3)
...
Ln = −kB
∑
q∈Q
ρn(q) ln ρn(q) + α1(−1 +
∑
q∈Q
ρn(q))
+ α2(−λn +
∑
q∈Q
ρn(q)λn(q)) (4)
Maximizing these equations for ρ by posing ∂L∂ρ = 0 ,
we obtain n complex amplitudes:
2ρ1(q) =
1
Z1
exp
(
α2
kB
λ1(q)
)
(5)
...
ρn(q) =
1
Zn
exp
(
α2
kB
λn(q)
)
(6)
where the n ’eigen-partition’ functions are defined as
follows:
Z1 =
1
A1
∑
q∈Q
exp
(
α2
kB
λn(q)
)
(7)
...
Zn =
1
An
∑
q∈Q
exp
(
α2
kB
λn(q)
)
(8)
Finally, I define the extended Born rule, in the diago-
nalized case, as the multiplication of the eigen-partition
functions:
|Z| = Z1 . . . Zn (9)
And in the non-diagonalized case I generalize the result
via the determinant, as follows:
|Z| = det
∑
q∈Q
expM(q) (10)
III. RESULTS
A. Recovery of ordinary statistical physics
Theorem 1 (Scalar Thermodynamics). In the case
where M(q) is a 1 × 1 matrix, one trivially recovers the
scalar partition function of ordinary statistical physics.
Theorem 2 (Grand partition function). In the case
where M(q) is the product of a n-dimensional iden-
tity matrix In and a scalar constraint, then the eigen-
partition function multiplication produces a grand parti-
tion function of identical particles.
Proof. Let M(q) := −βE(q)In, where E : Q → R and
where In is the n-dimension identity matrix. In this case
M(q) is:
M(q) =
−βE(q) ... 0... . . . ...
0 ... −βE(q)
 (11)
And the partition function is:
|Z| =
∑
q∈Q
exp−βE(q)
n (12)
B. Recap: The Born rule
The Born rule[2] is p(x, y, z, t) = |ψ(x, y, z, t)|2,
where ψ(x, y, z, t) : R4 → C is a complex am-
plitude and where p(x, y, z, t) : R4 → [0, 1] is a
probability density normalized over the domain as∫∞
−∞
∫∞
−∞
∫∞
−∞ p(x, y, z, t) dxdy dz = 1. For instance, if
ψ = er(x,y,z,t)eiS(x,y,z,t), then the Born rule is ψψ∗ =
e2r(x,y,z,t).
C. (Standard) Complex number representation
Theorem 3 (Quantum probabilities). In the case where
M(q) is the matrix representation of the complex num-
bers, one recovers the familiar Born rule.
Proof. The extended Born rule applied to the matrix rep-
resentation of the complex number is:
|Z| = det
∑
q∈Q
exp
(
r(q) θ(q)
−θ(q) r(q)
)
(13)
We now pose Q := {q1, q2}, as the typical two-state
system and with straightforward algebraic manipulation
and simplifications, we get:
|Z| = (er(q1))2 + (er(q1))2 + 2er(q1)er(q2) cos(θ(q2)− θ(q1))
(14)
which is the typical probability rule for a two-state
quantum systems.
In this case both the wavefunction and its conjugate
are produced by the two Lagrange equations and are
found as the eigenvalues of the matrix of (13): r(q)+iθ(q)
and r(q)−iθ(q). The application of the determinant then
entails the multiplication of the two which recovers the
standard Born rule.
Finally, by parametrization of|Z|, say by x, one obtains
a typical Hilbert space of orthogonal states:
〈ψ|ψ〉 =
∑
x∈X
∣∣Z(x)∣∣ (15)
And paired with an observable O(x), we obtain the
equivalence:
3〈ψ|O |ψ〉
〈ψ|ψ〉 =
1
〈ψ|ψ〉
∑
x∈X
O(x)
∣∣Z(x)∣∣ (16)
D. Recap: The wavefunction in geometric algebra
Using the geometric algebra formulation proposed by
David Hestenes[3], the canonical form of the relativistic
wavefunction is given as ψ =
√
ρeiθ/2R. The dependence
of ψ, ρ, θ and R on (x, y, z, t) is implicit. Here, R is a rotor
RR˜ = 1 and R = e−F/2 such that F is a bivector of the
geometric algebra of dimension 4 over the reals G4(R).
The Born rule is represented as ψψ˜ = ρeiθ/2Re−iθ/2R˜ =
ρ = e2r.
E. (Extension) The entropy of G4(R)
The natural interpretation of the previous result is that
the matrix used in equation (13) is the representation of
a complex number. I suggest however that a possibly
better interpretation is to consider it as the matrix rep-
resentation of the even sub-algebra of the 2-dimensional
real geometric algebra G2(R), whose general element is
given as z = r + θI, and which is group isomorphic to
the complex. In this second interpretation the complex
numbers are an element of the geometric algebra (one of
many possible geometric objects), and the extended Born
rule is simply an extension to such geometric objects.
Using 4 × 4 matrices gives us access to the geometric
algebra, via the group isomorphism G4(C) ∼= M(4,C) as
the representation. The representation is built from the
generators of the basis of M(4,C) using the Dirac matri-
ces. There are 16 elements of the basis:
1. The identity matrix I
2. Four matrix {γ0, γ1, γ2, γ3}.
3. Six matrix σµν = − 12 (γµγν − γνγµ)
4. One pseudoscalar matrix γ5 = γ0γ1γ2γ3
5. Four matrix vµ = γ5γµ
(where γaγb is the usual matrix multiplication.)
A general multi-vector of G4 is given as follows: (we
note that the dependence of q and the parametrization
on (x, y, z, t) are implicit):
g = exp
(
1
2
(r + θI+X+ F+V)
)
(17)
where r is a scalar, θI is a pseudoscalar, X is a vector,
F is a bivector and V is a pseudovector. The coefficients
are either real, in the case of G4(R) or complex, in the
case of G4(C). Its matrix representation is:
M =
(
r+X0−iF12−iV3 F13−iF23+V2−iV1 −iθ+X3+F03−iV0 X1−iX2+F01−iF02
−F13−iF23−V2−iV1 r+X0+iF12+iV3 X1+iX2+F01+iF02 −iθ−X3−F03−iV0
−iθ−X3+F03+iV0 −X1+iX2+F01−iF02 r−X0−iF12+iV3 F13−iF23−V2+iV1
−X1−iX2+F01+iF02 −iθ+X3−F03+iV0 −F13−iF23+V2+iV1 r−X0+iF12−iV3
)
(18)
The group isomorphism equates the geometric product
to the matrix product and the determinant to the uni-
versal norm[4] which I will now define. Let g ∈ G4(C)
and let G ∈ M(4,C) be its matrix representation such
that g ∼= G, then the universal ”complex-norm” is:
|g| := bggc3,4gg = detG (19)
where g is the geometric conjugate, defined as:
g = 〈g〉0 − 〈g〉1 − 〈g〉2 + 〈g〉3 + 〈g〉4 (20)
and where bgc3,4 is the 3, 4 blade conjugate, defined
as:
bgc{3,4} = 〈g〉0 + 〈g〉1 + 〈g〉2 − 〈g〉3 − 〈g〉4 (21)
Finally, I note that 〈g〉n is the n-blade of the multi-
vector g. Let me disclose that in the case of G4(C), then
|g| maps to the complex. However, in the case of G4(R)
it does map to the reals, where it acts a the universal
norm. Let me further note that we may define a norm
G4(C) → R by further multiplying |g| with its complex
conjugate. Such a construction can be built in G5(R)[4]
with a mapping preserving a group isomorphism with
G4(C). This case exceeds the scope of the present paper,
but may be visited in a future paper.
At this point, there is no mathematical reason not to
consider the mapping from the algebra of G4(R) to a real,
as anything but of the same nature as that of the ordinary
Born rule extended to the full geometry of the relativistic
wavefunction. Let us investigate.
First, the one-state case:
Theorem 4 (Extended Born rule). The extended Born
rule maps the matrix representation of any element of
G4(R) to a real.
Proof. We apply the extended Born rule to a single el-
ement of a partition function using the matrix given by
4equation (18), we obtain a real:
|Z| = det exp 1
2
M(q) = exp Tr
1
2
M(q) = exp 2r(q) (22)
Now, let us consider the two-state case:
Theorem 5 (Probability addition rule for a complete
multivector of G4(R)). Suppose a two-state system com-
prised of:
g1 = exp
(
1
2
(r1 + θ1I+X1 + F1 +V1)
)
(23)
g2 = exp
(
1
2
(r2 + θ2I+X2 + F2 +V2)
)
(24)
What is the probability addition rule of a two-state sys-
tem?
Proof. We will add both multivectors, then we will use
the universal norm. With straightforward algebraic ma-
nipulations, the extended Born rule for a two-state sys-
tem reduces to a sum of two states bg1 g1c3,4(g1 g1) =
(er1)2 and bg2 g2c3,4(g2 g2) = (er2)2, along with an ac-
companying interference pattern.
|Z| = b(g(q1) + g(q2))(g(q1) + g(q2))c3,4(g(q1) + g(q2))(g(q1) + g(q2)) (25)
= (er1)2 + (er2)2︸ ︷︷ ︸
sum of two states
+
bg1 g1c3,4(g1 g2+g2 g1+g2 g2)+bg2 g2c3,4(g1 g1+g1 g2+g2 g1)
+bg1 g2+g2 g1c3,4(g1 g1+g1 g2+g2 g1+g2 g2)︸ ︷︷ ︸
interference pattern
(26)
In this case the interference pattern is much more com-
plicated than the simple cosine of the standard Born rule,
but it is the interference pattern of the two complete mul-
tivectors, not just of the complex. It reduces to the stan-
dard quantum mechanics probability addition rules if we
nullify all geometry except that of the complex number.
F. Geometric interference (falsifiable)
I note the work of B. I. Lev.[5] which identifies an ex-
tended interference pattern associated with an extended
Born rule of this form ψψ˜ = ρ1 + ρ2 + (ρ1ρ2)
1
2 (R1R˜2 +
R˜2R1), then suggests that a Aaronov-Bohm experiment
in which an electron beam is split into two regions of dif-
ferent geometric structure (taken to be a change in the
orientation of the solenoid) could distinguish between the
extended additional interference pattern and the ordi-
nary interference pattern of quantum mechanics. The
interference pattern identified in equation (26) is also
subject to be identified by similar experiments.
G. Wavefunction group of transformations
Taking the entropy of G4(R) produces a probability
measure via the map exp : G4(R) → G×, where G× is
the group of reversible multivectors. The reversibility is
guaranteed by the exponential property expg exp−g =
I. As discussed in [4] (page 63), the group G× embeds the
versor group L, the Pin group, the Spin group and the
rotor group R. Transformations by action of these groups
is defined by adjoint action or twisted adjoint action:
ψ′ = L∗ψL−1, where L∗ is an involution of L. Specif-
ically, in the case where we eliminate the odd-subalgebra
completely (by posing X → 0,V → 0) then g becomes
ψ = exp
(
1
2 (r + θI+ F)
)
which is the subset of the wave-
function identified by David Hestenes that includes the
Lorentz boosts, but not the reflections and inversions. As
elements of the algebra are nullified, the interference pat-
tern identified in equation (26) correspondingly reduces
in complexity.
H. Geometric Hilbert space
The probability measure obtained by our process can
be transformed by these actions without affecting the
state of the system. For instance, one can define a
Hilbert state space over the parametrization of the par-
tition function, via the normalization of the universal
norm:
1 =
∫ b
a
∣∣Z(x)∣∣dx (27)
1 =
∫ b
a
bg(x)g(x)c3,4g(x)g(x) dx (28)
Then, the group of transformations which leaves the
elements invariant are the group of all reversible multi-
5vector transformations G×. In the case where all geome-
try is annulled except for the complex g|X=0,F=0,V=0 =
exp
(
1
2 (r + θI)
)
, the geometric Hilbert space reduces to
the familiar complex Hilbert space, and the group of
invariant transformations reduces to the unitary group.
The key identities to prove this statement are given by
[4], as |xy| = |x||y| and ∣∣x−1∣∣ = 1|x| , where x and y are
arbitrary reversible multi-vectors. It follows that an ad-
joint action leaves the norm invariant:
∣∣∣xgx−1∣∣∣ = |x||g| 1|x| = |g| (29)
I. Geometric Observables
In ordinary quantum mechanics a set of n orthogonal
states |ψ〉 with observable O can be unpacked into a par-
tition function as follows:
(O |ψ〉)†O |ψ〉 = 〈ψ|O†O |ψ〉 =
n∑
i
O†iOi 〈φi|φi〉 (30)
where O† is the conjugate transpose of O. A key re-
quirement to define an observable is that each product
O†iOi must be real valued, in which case O is a Hermitian
operator. This form compares to equation (16).
In the case of the geometric Hilbert space, the invari-
ance properties of the universal norm are such that all
geometric transformations are observables. Indeed, if
we suppose a wavefunction g expressed as a general re-
versible multivector, and we define o as a general multi-
vector, then the product |og| acts as an real-valued ge-
ometric observable on said Hilbert space. We note that
since|og| = |o||g| and that both|o| and|g| are real valued,
then o act as a geometric observable on|g|. Consequently,
it follows that the geometric Hilbert space causes all ge-
ometric transformations of the wavefunction to behave
as observables. The expectation value of a geometric ob-
servable is thus given by:
o =
∑
x∈X
∣∣o(x)∣∣∣∣g(x)∣∣ (31)
IV. DISCUSSION
A. Why stop at four spacetime dimensions?
An arbitrary 4× 4 matrix has up to 4 unique eigenval-
ues obtained by solving its characteristic polynomial of
degree 4. In the diagonal case, we use these eigenvalues to
maximize the entropy. In the case where n ≥ 5, we note
that the Abel–Ruffini theorem would prohibit the roots of
the characteristic polynomial from having a closed form
expressed in terms of radicals, thereby severely limiting
our ability to express such a system in terms of mathe-
matical tools commonly used in physics. Consequently, I
have assumed that the matrix dimensions of the statisti-
cal ensembles stop at n = 4, the same as the dimension-
ality of space-time.
B. ”Click-first, wavefunction-second”
interpretation of quantum mechanics
We note a general resemblance to the statistical en-
semble interpretation of quantum mechanics[6], however
the statistical physics of clicks and counts is able to de-
rive wavefunction and the Born rule, and consequently (if
it successfully passes falsifiability at some future point)
is an explanation of quantum mechanics rather than an
interpretation.
Instead of exclusively using scalar measurements as
done in ordinary statistical physics, we used matrices to
define a detector registering a click. Clicks have more
structure than simple scalar quantities, but otherwise,
have the same assumptions as those of ordinary statis-
tical physics. This extra structure, suggests a ”click-
first, wavefunction-second” interpretation of quantum
mechanics.
First we note the following:
Theorem 6 (No clicks, no wavefunction). If we take
the click constraint to be the null matrix M = 0I, then
the ”wavefunction” is just a constant probability measure
assigning equal probability to each microstate: ρ(q) =
1
Z exp 0 where Z =
∑
q∈Q exp 0, such as that of a fair
toss of a dice of |Q| faces.
Registering a click means actualizing the result of the
probability measure. For instance, the probability mea-
sure of a fair coin toss has 50% chance of heads and 50%
chance of tails; whereas to register a specific coin toss
means finding out what the result is; for example, heads.
Theorem 7 (Registering a click equals a collapse). A
click registration is a transformation of the ensemble, not
a transformation of the wavefunction.
Proof. Consider the partition function given by equation
15). Registering a click means picking a specific xm from
X. Mathematically, this is done by posing X := {xm}:
∑
x∈X
∣∣Z(x)∣∣→ ∑
x∈{xm}
∣∣Z(x)∣∣ (32)
The wavefunction derivable from the rightmost ensem-
ble is a collapsed version of the one derivable from the
leftmost ensemble.
A general transformation of the click constraints, or
of the ensemble, is not necessarily reversible, and thus
it lives in a space of transformations that exceeds the
6reversible group G×. Consequently, the ensemble can
transform in ways the wavefunction cannot. Nonethe-
less, such changes are physically permissible because, as
per the interpretation of statistical physics, it is the en-
semble and its constraints, not the probability measure,
that form the ontological basis of the system.
With a ”click-first, wavefunction-second” interpreta-
tion, the gamut of ’unintuitive’ quantum behaviour is
transposed to the empirically-undeniable set of all possi-
ble sequences of clicks and to other ensemble transfor-
mations that exceeds G×. For instance, registering a
click means transforming each microstate (except one)
via a multiplication of the null matrix — as this is non-
reversible, it cannot live in G×. Although the probability
measure acquires the reversible group due to the expo-
nential map, this is not yet the case at the level of the
ensemble itself or to that of the click constraints, which
lives in G4(R).
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